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Abstract
A graph G is pseudo 2-factor isomorphic if the parity of the number of cycles
in a 2-factor is the same for all 2-factors of G. Abreu et al. [1] conjectured
that K3,3, the Heawood graph and the Pappus graph are the only essentially
4-edge-connected pseudo 2-factor isomorphic cubic bipartite graphs (Abreu
et al., Journal of Combinatorial Theory, Series B, 2008, Conjecture 3.6).
Using a computer search we show that this conjecture is false by con-
structing a counterexample with 30 vertices. We also show that this is the
only counterexample up to at least 40 vertices.
A graph G is 2-factor hamiltonian if all 2-factors of G are hamiltonian
cycles. Funk et al. [7] conjectured that every 2-factor hamiltonian cubic bi-
partite graph can be obtained from K3,3 and the Heawood graph by applying
repeated star products (Funk et al., Journal of Combinatorial Theory, Series
B, 2003, Conjecture 3.2). We verify that this conjecture holds up to at least
40 vertices.
Keywords: cubic, bipartite, 2-factor, counterexample, computation
1. Introduction and preliminaries
All graphs considered in this paper are simple and undirected. Let G be
such a graph. We denote the vertex set of G by V (G) and the edge set by
E(G).
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A graph G is 2-factor hamiltonian if all 2-factors of G are hamiltonian
cycles. Examples of 2-factor hamiltonian graphs include K4, K5, K3,3 and
the Heawood graph (see Figure 1a). Funk et al. [7] have shown that 2-factor
hamiltonian k-regular bipartite graphs only exist when k ∈ {2, 3}. They also
constructed an infinite family of cubic bipartite 2-factor hamiltonian graphs
obtained by applying repeated star products to K3,3 and the Heawood graph.
Given two cubic graphs G1, G2. A graph G is a star product of G1 and G2
if and only if there is an x ∈ V (G1) with neighbours x1, x2, x3 in G1 and an
y ∈ V (G2) with neighbours y1, y2, y3 in G2 such that G = (G1 − x) ∪ (G2 −
y) ∪ {(x1, y1), (x2, y2), (x3, y3)}.
Funk et al. conjectured that every 2-factor hamiltonian cubic bipartite
graph belongs to their their infinite family of 2-factor hamiltonian cubic
bipartite graphs, i.e.:
Conjecture 1.1 (Funk et al., Conjecture 3.2 in [7]). Let G be a 2-factor
hamiltonian k-regular bipartite graph. Then either k = 2 and G is a circuit
or k = 3 and G can be obtained from K3,3 and the Heawood graph by repeated
star products.
As already mentioned in [7], it follows from [9] that a smallest coun-
terexample to this conjecture is cubic and cyclically 4-edge-connected and
from [10] that it has girth at least 6. So to prove Conjecture 1.1, it would be
sufficient to prove the following conjecture:
Conjecture 1.2 (Funk et al. [7]). The Heawood graph is the only 2-factor
hamiltonian cyclically 4-edge-connected cubic bipartite graph of girth at least 6.
Abreu et al. [1] extended these results on 2-factor hamiltonian graphs to
the more general family of pseudo 2-factor isomorphic graphs. A graph G is
pseudo 2-factor isomorphic if the parity of the number of cycles in a 2-factor
is the same for all 2-factors of G.
Clearly all 2-factor hamiltonian graphs are also pseudo 2-factor isomor-
phic. An example of a pseudo 2-factor isomorphic graph which is not 2-factor
hamiltonian is the Pappus graph (see Figure 1b), as the cycle sizes of its 2-
factors are (6,6,6) and (18) (see [1]).
Abreu et al. [1] proved that pseudo 2-factor isomorphic k-regular bipar-
tite graphs only exist when k ∈ {2, 3}. They also constructed an infinite
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Figure 1: The Heawood graph (a) and the Pappus graph (b).
family of pseudo 2-factor isomorphic cubic bipartite graphs based on K3,3,
the Heawood graph and the Pappus graph and conjectured that these are
the only pseudo 2-factor isomorphic cubic bipartite graphs:
Refuted Conjecture 1.3 (Abreu et al., Conjecture 3.5 in [1]). Let G
be a 3-edge-connected cubic bipartite graph. Then G is pseudo 2-factor iso-
morphic if and only if G can be obtained from K3,3, the Heawood graph or
the Pappus graph by repeated star products.
Note that the pseudo 2-factor isomorphic graphs obtained by such a star
product have a non-trivial 3-edge-cut. An edge cut E0 of a graph G is
essential if G − E0 has at least two non-trivial components. A graph G is
essentially 4-edge-connected if G does not have an essential edge cut E0 with
|E0| < 4. Therefore Conjecture 1.3 can only hold if the following conjecture
also holds:
Refuted Conjecture 1.4 (Abreu et al., Conjecture 3.6 in [1]). Let G
be an essentially 4-edge-connected pseudo 2-factor isomorphic cubic bipartite
graph. Then G must be K3,3, the Heawood graph or the Pappus graph.
It follows from Theorem 3.10 in [1] that K3,3 is the only essentially 4-
edge-connected pseudo 2-factor isomorphic cubic bipartite graph with girth
4, so a counterexample to Conjecture 1.4 must have girth at least 6.
Abreu et al. partially proved this conjecture for irreducible Levi graphs
(see [2] for details).
3
In the next section we describe the results of a computer search for cubic
bipartite graphs of girth at least 6. This allowed us to verify Conjecture 1.2
up to 40 vertices. It also yielded one counterexample with 30 vertices to
Conjecture 1.4. This is the only counterexample up to at least 40 vertices.
2. Testing and results
Using the program minibaum [3] we generated all cubic bipartite graphs
with girth at least 6 up to 40 vertices and all cubic bipartite graphs with
girth at least 8 up to 48 vertices. The counts of these graphs can be found
in Table 1. Some of these graphs can be downloaded from http://hog.
grinvin.org/Cubic
Vertices Girth at least 6 Girth at least 8
14 1
16 1
18 3
20 10
22 28
24 162
26 1 201
28 11 415
30 125 571 1
32 1 514 489 0
34 19 503 476 1
36 265 448 847 3
38 3 799 509 760 10
40 57 039 155 060 101
42 ? 2 510
44 ? 79 605
46 ? 2 607 595
48 ? 81 716 416
Table 1: Counts of cubic bipartite graphs with girth at least 6 or girth at least 8.
We then implemented a program which tests if a given graph is pseudo
2-factor isomorphic and applied it to the generated cubic bipartite graphs.
This yielded the following results:
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Observation 2.1. There is exactly one essentially 4-edge-connected pseudo
2-factor isomorphic graph different from the Heawood graph and the Pappus
graph among the cubic bipartite graphs with girth at least 6 with at most 40
vertices.
Observation 2.2. There is no essentially 4-edge-connected pseudo 2-factor
isomorphic graph among the cubic bipartite graphs with girth at least 8 with
at most 48 vertices.
This implies that Conjecture 1.4 (and consequently also Conjecture 1.3) is
false. The counterexample has 30 vertices and there are no additional coun-
terexamples up to at least 40 vertices and also no counterexamples among
the cubic bipartite graphs with girth at least 8 up to at least 48 vertices. The
counterexample (which we will denote by G) is shown in Figure 2 and its ad-
jacency list can be found in Table 2. G can also be obtained from the House
of Graphs [4] by searching for the keywords “pseudo 2-factor isomorphic *
counterexample” where it can be downloaded and several of its invariants
can be inspected.
G has cyclic edge-connectivity 6, automorphism group size 144, is not
vertex-transitive, has 312 2-factors and the cycle sizes of its 2-factors are:
(6,6,18), (6,10,14), (10,10,10) and (30). The list of all perfect matchings of
this graph (and the corresponding 2-factors) can be found online in [8].
Since all 2-factor hamiltonian graphs are pseudo 2-factor isomorphic and
G is not 2-factor hamiltonian, this implies the following:
Observation 2.3. Conjecture 1.2 holds up to at least 40 vertices and holds
for cubic bipartite graphs with girth at least 8 up to at least 48 vertices.
Independent checks are very important for computational results to min-
imize the chance of errors.
The correctness of the program minibaum [3] which was used to generate
cubic bipartite graphs has been verified before, e.g. by comparing it to other
generators for cubic graphs such as [6] or [11].
We also implemented two independent algorithms to test if a given graph
is pseudo 2-factor isomorphic. One implementation searches for 2-factors by
building disjoint cycles and the other constructs perfect matchings. One of
the implementations is based on a program which has already been exten-
sively used and tested in [5].
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Figure 2: The pseudo 2-factor isomorphic cubic bipartite graph G with 30 vertices
which is a counterexample to Conjecture 1.4.
We applied both programs to the lists of generated cubic bipartite graphs
and verified that they yielded the same results. We also modified the two
programs to count the 2-factors in a given graph. We applied these modified
programs to several graphs and verified that both programs found the same
number of 2-factors.
Since all results of the two independent algorithms are in complete agree-
ment, we believe that this is strong evidence for the correctness of our im-
plementations and results.
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